Abstract: Motivated by the objective to further reduce the storage and computation time required by finite-horizon discrete-time optimal reduced-order LQG compensators, this paper introduces the modified reachability canonical form of a minimal finite-horizon discrete-time compensator and an algorithm to compute it. Next recursive algorithms for efficient storage and recovery of the compensator matrices in the modified reachability canonical form are presented. Finally the modified reachability grammian, which is associated to the modified reachability canonical form, is used to show and explain why in the finite-horizon case, if the initial compensator state is non-zero, minimality in general does not imply reachability of the compensator. Copyright © 2002 IFAC 
INTRODUCTION
Minimality of compensators plays a crucial role in solving optimal reduced-order LQG problems (Van Willigenburg and De Koning, 1999 , 2000 , 2002 . One of the reasons is that given a certain input-output behavior of the compensator, due to the desire to reduce the compensator dimensions, minimal compensators are the interesting ones. In the finitehorizon case this forced us to investigate the minimality property of finite-horizon compensators (Van Willigenburg and De Koning, 2002) .
It turned out that it is not straightforward to adapt minimality and the related properties reachability and observability (Kalman et al., 1969; Kwakernaak and Sivan, 1972; Kailath 1980) to compensators which are only defined over a finite horizon. For a non-zero initial compensator state, to define minimality, the reachability grammian must be modified. As demonstrated in this paper, due to this modification, minimality no longer implies reachability of the compensator. Minimal discrete-time compensators have time-varying dimensions. These are caused by boundary conditions and possibly also by the timevarying dimension of the discrete-time system involved in the LQG problem. The latter occurs in digital LQG problems if the sampling is performed asynchronously (Van Willigenburg and De Koning, 2001) Given a finite-horizon discrete-time optimal reducedorder LQG compensator, computed from one of the algorithms in Van Willigenburg and De Koning (1999) , the use of canonical representations may be exploited to further reduce the computation time and storage needed by this minimal compensator. Therefore in this paper we introduce a modified reachability canonical form which is associated to the modified reachability grammian. Then, based on the modified reachability canonical form, recursive algorithms to efficiently store and recover the compensator matrices, forward in time, are presented. Our compensators and their notation comply with the ones in De Koning (1999, 2002) 
For the compensator (1) we have, 1 ,00,1 0ˆ, 1,2,.., • Consider the following deterministic time-varying compensator defined over a finite horizon. 
Based on equation (2) define the modified reachability grammian, 1 0,,000,0,1,1
This grammian is associated with the compensator state transition from 0 
Then from definitions 1-3 and equations (2), (6), (7), (8) the following two lemmas are immediate.
Lemma 1
The first term on the right in equation (2) 
2) The first term on the right in equation (2) • From lemma 2 and the analysis below definition 3 ( ) 
,1, ,0,1,..,1,
Similar to (9) the recursive form of (7) is given by, 0,10, ,0,1,..,1,
Equations (9) and (11) 
Then from equations (10), (11), (12) (14) imply that the change of the dimension of the state of a minimal compensator, from one discrete time instant to the next, is bounded from above and below by respectively the number of outputs and inputs of the compensator. Equation (13) and (14) imply that, at the initial and final time, the dimension of the compensator state of a minimal compensator drops in one or several time steps to one and zero respectively
Since the compensator matrices of finite horizon optimal full and reduced-order LQG compensators are time-varying, to store them a serious amount of computer memory is required. Therefore saving storage may be especially important. In the infinite horizon case the reachability and observability canonical forms of a minimal compensator, in general, require less storage than other representations of minimal compensators. Therefore an interesting issue is the computation of similar canonical forms of minimal finite-horizon compensator. Due to the time-varying dimensions of a finite-horizon compensator, and due to the modification of the reachability grammian, needed to establish minimality, this issue is not straightforward.
In this section, the so called scheme II, presented by Kailath (1980, page 427) which computes the reachability canonical form for minimal linear timeinvariant systems (compensators) defined over an infinite horizon is modified to apply to finite-horizon time-varying discrete-time compensators with timevarying dimensions. The canonical form that results will be called the modified reachability canonical form for reasons to be explained.
Consider basis transformations of the compensator state-space, 
Note that since the final compensator state has dimension zero P N is irrelevant. Consider the following recursive algorithm that determines the From theorem 1 a non-zero initial condition may destroy reachability and consequently we refer to our canonical form as the modified reachability canonical form.
•
Remark 2
The observability canonical form is dual to the reachability canonical form. Thus the algorithm to obtain the observability canonical form is the dual of our algorithm 1 when we set $ x 0 0 =
•

Remark 3
Although the usual terminology is to speak of the (modified) reachability and observability canonical form these forms are by no means unique (Kailath 1980) . Firstly they depend on the order in which R i is searched for independent columns. Secondly they depend on the order in which the independent columns are put into P i . It would therefore be better to speak of a reachability and observability canonical form. Although they are not unique the computer storage they all require (save) is roughly the same • v is a column vector of which only the first n elements may be unequal to zero where n is the number of independent columns found so far
•
Proof
Follows from the first part of the proof of theorem 2
ALGORITHMS FOR EFFICIENT STORAGE AND RECOVERY
Algorithms that exploit the modified reachability canonical structure to reduce, as much as possible, the computer memory needed for storage of the compensator, are presented in this section.
From the last part of theorem 3 note that, to recover the modified reachability canonical form from only the possibly non-zero and non-one elements of the compensator matrices, during the search for independent columns it is important to store the indices of these independent columns. Alternatively one might store the indices of the dependent columns. Due to the minimality of the compensator there are at each time 1,..,1 iN =− precisely 
Algorithm 2
Encode a compensator $ , , , [7, 6, 8, 5, 9, 3, 1, 2, 6, 0, 5] , Having computed a finite-horizon discrete-time optimal reduced-order LQG compensator, with one of the algorithms presented by Van Willigenburg and De Koning (1999) , the results of this paper enable further reduction of the storage and computation time required by this minimal compensator. Especially when the dimensions of the compensator state are high, from theorem 5, the modified reachability canonical form and the associated algorithms 1-3 for efficient storage and recovery, developed in this paper, significantly reduce the computer memory needed for storage. Besides having time-varying dimensions theorem 1 revealed that minimal finite-horizon discrete-time compensators are usually not reachable if the initial compensator state is non-zero.
